The gauge-independent, invariant theory of linear scalar perturbations of inflaton and gravitational fields is created. This theory allows to compare various gauges used by other researchers, and to find unambiguous selection criteria of physical and coordinate effects. We shown that so-called longitudinal gauge commonly used for studying the gravitational instability leads to the overestimation of physical effects owing to presence of nonphysical proper time perturbations. Main equation of invariant dynamics (EID) is analyzed. The general long-wave solution of EID for arbitrary potential U (φ) is obtained. We have also found analytical solutions for all wave lengths at all stages of universe evolution in the framework of fixed potential U (ϕ) = m 2 ϕ 2 /2 . We have built analytical expressions for the Harrison-Zel'dovich spectrum ∆(k, t) . Amplitude of long-wave spectrum in the case, when the transition from short waves to long one occurs at the inflationary stage, is almost constant with k that corresponds to recent observation data.
Introduction
As it is known at early stages the Universe was in the unstable vacuum-like state characterized by slow linear drop of the Hubble parameter H with time growth. The cosmological expansion had a quasi exponential character
Hdt,
This evolutional stage is called the inflationary stage. The standard inflationary model is most successful for explanation of the observable Universe structure [1, 2, 3] .
It is well-known that the simplest model of the cosmological inflation for flat Universe:
The symbol "hat" implies that metricĝ ik and inflatonφ fluctuates. The spatially homogeneous components of metric and inflaton are denoted g ik and ϕ correspondingly. The main properties of the inflationary Universe may be seen in the model with quadratic potential
This model is used in our work for describing of some new aspects of the self-consistent dynamics of inflaton and gravitational fields.
Traditionally there are two problems in the framework of (1): 1) the self-consistent dynamics of spatially homogeneous fields or background dynamics ϕ(t) = φ , g ik = ĝ ik = diag(1, −a 2 (t), −a 2 (t), −a 2 (t)).
The background dynamics of ϕ(t) and g ik is described by equations (2) and (3) in zeroth approximation (without taking into account of fluctuations):
Here H =ȧ/a , κ = 1/M 2 P l -gravitational constant, where M P l -Plank mass (the system of units with = c = 1 is used). Dots denote the derivatives with respect to the physical time t .
Solution of this problem is well-known and underlies at the heart of chaotic inflation scenario [4] . We made only some unification of calculations. The system of background equations (5) is solved analytically at all times t . Consideration of dynamical properties for the simplest inflation model is necessary for solution of second problem.
2) the self-consistent dynamics of spatially inhomogeneous quantum fluctuations of inflaton and gravitational fields χ(t, x) =φ(t, x) − ϕ(t), h ik (t, x) =ĝ ik (t, x) − ĝ ik both at inflationary and post-inflationary stages of the Universe evolution. The large quantity of papers is devoted to solution of this problem which is investigated by various researches for twenty years. But the accuracy of recognized results gives rise to doubts. We have shown that so-called longitudinal gauge, which commonly used in the consideration of inflationary instability as most comfortable [5] , leads to the fundamental overestimation of effect as a result of nonphysical proper time perturbations which are present in the structure of general solution. We have created the gauge-independent, invariant theory of linear scalar perturbations of inflaton and gravitational fields. This theory allows to compare different gauges which are used in works of other researches and to find unambiguous separation criteria of physical and coordinate effects. The problem of such criteria existence is discussed in [6, 8, 9] . Invariant approach excludes nonphysical coordinate effects and gives a key for analytical investigation of equations system that is an aim of our work.
Background dynamics.
The system (5) for model (4) may be written aṡ
In the limit t → 0 solutions can be represented as series ϕ(t) = ∞ n=0 a n t n , H(t) = ∞ n=0 b n t n .
Substituting (7) in the (6) we have equations
kna k a n t k+n−2 ,
Obviously the initial value of H(t) unambiguously defines initial values of functions ϕ(t) andφ(t) . For convergence we should assume that
Taking into account of these conditions from (8) we receive relations for a n and b n :
, a n = − 3 n b 0 a n−1 f or n 4;
Therefore the expression for expansion coefficient of function H(t) :
The series sums and result is
For small t owing to conditions (9) this expansion corresponds to the linear approximation -peculiar feature of the inflationary epoch ( Fig. 1) :
Let us build the analytical solution of (6) for t → ∞, corresponding to the postinflationary stage. As it is known in this limit the Hubble function H(t) must verge towards 2/3t of Friedman's universe. In the equationφ + 3Hφ + m 2 ϕ = 0 one can make substitution ϕ = ψ/a 3/2 . As a result we havë
It is equation of oscillator with the variable frequency ω(t)
There is a special method for solving of such type equations that allows to get a solution with any precision. According to this method the general solution of equation (12) has form:
The function ε(t) should be defined. Substituting (13) in (12) and differentiating we obtain:
where D(t) = 1/ε(t) ,Î -integro-differential operator, which is defined aŝ
(ρ + 3ρ 2 ) Equation (14) gives
Constant should be chosen for conformance to zero approximation of equation (12) -the harmonic oscillator with the frequency m . Suffice it to take into account just a first correction. Finally
Then instead of ϕ we introduce the new function G = ψ 2 , as a result we get
On the other hand using (13) and (15), to first order terms of 1/t inclusive we have
Substituting this expression in (16) we get an equation for H(t) :
This equation is solved by substitution a(t) = e H(t)dt with taking the logarithm and differentiation. To second order terms of 1/t inclusive we get the following asymptotic solution of system (6) for t → ∞ :
This solution corresponds to the post-inflationary stage of the Universe (Fig. 1) . Two parameters -shift parameter t 0 and initial phase α -are found by joining of background solutions (11) and (18). Let t 1 is the transition time of the Universe from inflationary to post-inflationary stage. At t = t 1 we demand execution of three conditions:
3 Cosmological theory of scalar perturbations. Equation of invariant dynamics.
Proceed to the analysis of the spatially inhomogeneous fluctuations:
Notice, the inflaton waves are the direct consequence of that the inflaton field is described by nonlinear Klein-Gordon equation. The inflaton itself is usually called the spatially homogeneous mode of this field. The spatially nonhomogeneous modes will be called below the inflaton fluctuations.
The physical effect under discussion is as follows. According to the Einstein equations, the fluctuations of inflaton field inevitable produce the potential fluctuations of gravitational field. As a result, in the system there appears a collective motion, in which the amplitudes and phases of inflaton and gravitational wave excitations are uniquely related. The coefficient in the relation is the rate of spatially homogeneous inflanton change. This type of motion will be called below the scalar inflaton-gravitational (SIG) waves. Our work is devoted to studying SIG waves in the frame of the simplest model with the Lagrangian (1).
It is well-known, that from the scalar perturbations of metric
following invariant combinations are formed:
Classical problem of the linear perturbation theory finally consist in search of these invariants. This problem is extremely difficult and it hasn't solved generally to present day. Single point of view doesn't exist. Many authors fall back on various simplifications namely the co-ordinates may be chosen so that the initial expression for metric perturbations (23) has got more convenient for investigations. It is reached by using of various gauges namely longitudinal, synchronous, co-moving gauges. But it is necessary to understand that within any gauge there is an arbitrariness in the co-ordinates selection. Therefore it is impossible to fix co-ordinates hard within a gauge and as a result we have not a physical effect but effects are concerned with the co-ordinates motion itself that is the coordinates effects. Moreover in the investigation within any gauge it is impossible to determine the having a single meaning criteria of the physical and coordinates effects separation. Such criteria exists only in the framework of invariant approach which is developed in our work.
The essence of our approach involves following. Search of two invariants (24) in the general case for perturbations (23) is the despairing problem. But it is possible to build another variant from variants Φ and Ψ :
We will show below that for the invariant (25) one can obtain and solve analytically a second order differential equation without using any gauge for arbitrary potential U(ϕ) . So, the invariant dynamics of the SIG waves does exist. We employ the notations, initially used by Lifshitz. The Fourier-harmonics of the potential excitations of metric are
Operations with the spatial indices are made in all calculations with the help of 3-euclidean metric. One can easily see the one-to-one correspondence between the values from (23) and (26). In the longitudinal gauge, which is used widely nowadays, σ k = λ k = 0 ; in the Lifshitz or synchronous gauge Q k = σ k = 0 . Further when constructing the invariant dynamics, we do not use neither of the above gauge. However, the results of invariant dynamics will show that the synchronous gauge has some physical advances, in contrast to the longitudinal gauge.
In the first (linear) approximation the equations describe the relation between the fluctuations of metric and the fluctuations of the inflaton field:
where
(27) Notice, in (27) there is no any restriction on the wave length of the fluctuations.
In further calculations we'll use both the cosmic time t ( g 00 = 1 ) and the conformal time η ( g 00 = a
2 ). Recall, dot (˙) denotes a derivative with respect to the cosmic time, prime ( ′ ) denotes that with respect to the conformal time. From (27) we can write all equations for linear theory:
Constraint equations (28) and (29) enable to express the values in T β α (k) via the metric perturbations. In terms of conformal time the value (∂U/∂ϕ) 0 is suitable to express via the equation of motion for inflaton:
After employing this relation and constraints (28), (29), equation (30) reads
The projection of this equations on the tensor basis gives two equations for the scalar functions N k , M k and Q k :
Equation (34) is written in the form that demonstrates the idea of the following calculations. From Eq. (34) M k may be expressed via N k and Q k and substituted in (33). It is the way to obtain the single equation for N k and Q k :
It has the unique property: two functions N k and Q k in this equation can be combined into one invariant combination only:
Coefficients of all non-invariant terms vanish via the background equations for a(η) , ϕ(η) . As a result we obtain the single second order differential equation for invariant J k -the equation of invariant dynamics (EID), which in terms of the conformal time reads
The inference of this equation is extremely cumbersome and can only be declared, not described in details. Let's obtain the EID in terms of cosmic time t . The value ∂U/∂ϕ is suitable to express via the Hubble function by using background system (5):
Using this result together with the constraint equations (28) and (29), one obtain from (30):
The projection on tensor basis gives
Of course, equations (38), (39) turn to (33), (34) by time transformation and usage of background equations. Now let us introduce the invariant
and findṄ
Substituting (41) to (38) and (39), one obtains:
Differentiating (43) and (42), we get the equation of invariant dynamics:
This equation also may be obtained from (36) by the time transformation and using background equations for ϕ and a. Now let us discuss the obtained results. One can fondly to think that the existence of the EID doesn't embarrass the usage of any gauge, including the longitudinal one. This, however, is not correct. Let us consider the relative perturbation of energy density. From (28) and (40) one can easily obtain
where ε = 3H 2 /κ is the background energy density, δτ = δ √ g 00 dt = const + 1 2 Q k dt is the perturbation of the proper time.
Evidently the term δε noninv have not any physical sense. This term reflects that if h 00 = 0 the time is not synchronized in different parts of the Universe and therefore measurements of the background energy density in different points of the Universe lead to the different results that is the term δε noninv describes not the physical change of the energy density but the change of the clock run or time flow rate. To escape of such nonphysical perturbations it is necessary to analyse the background dynamics and perturbation dynamics in one and the same time, in one and the same clock. So, it is necessary to synchronize the clock in the whole Universe, i.e. to put Q k = 0 , i.e. to use the Lifshitz gauge. Now let us analyse the physical validity of gauge usage in the framework of invariant approach. As example we will examine the widely used longitudinal gauge. From metric perturbations in the general form (23) one can proceed to the metric perturbations in the longitudinal gauge performing the special coordinate transformationsη = η − B + E ′ ,
. Then in the new co-ordinates the scalar metric perturbationsφ
(B − E ′ ) owing to (24) are invariants. Metric perturbation tensor in that case is diagonal:
Taking into account (31), the equation (38) leads to equality:ψ =φ ≡ Φ k , that is we have a theory containing the single invariant which is named the relativistic potential. It is presented as an advantage of the longitudinal gauge. However, this is an illusory advantage. In the framework of invariant approach we have established its baselessness.
Thus, σ k = λ k = 0 in the longitudinal gauge, at that Q k ≡ 2Φ k and µ k ≡ −6Φ k . The equation for Φ k may be obtained from (39):
Invariant (40) in the longitudinal gauge is
The expression for full relative perturbations of energy density (45) taking into account (47) and (48) has a form
at that the non-invariant part of perturbations is
One can show that the existence of this term in (49) is connected with an arbitrariness in the co-ordinates selection within the gauge. Consider at first the long-wave limit. Let in the longitudinal gauge we have the coordinates with metric ds
Here perturbations are described by scalar function Θ k . The expression for energy density perturbations is
Now let us make some co-ordinates transformation preserving the gauge [8] :
Than
whereφ = Θ k +λ andψ = Θ k +β −Hλ are metric perturbations in the new co-ordinates. Demand ofΘ k ≡ψ =φ gives the following expression for function λ(t) :
Then into the right hand side of expression (51) instead of Θ k we introduce a new functioñ Θ k . As a result we have
Obviously the expression for energy density perturbations in the new co-ordinates differs from corresponding one in the old co-ordinates by the value
Therefore we see that the expression
is an invariant for any coordinate transformations of the form (52). As it is shown by Unruh [8] , any long-wave metric perturbations in the longitudinal gauge one can obtain as a result of simple co-ordinates transformation like (52). However the fulfilled calculation clearly proves that the usage an arbitrariness in the co-ordinates selection for the interpretation of physical effects is incorrect. In the longitudinal gauge together with real physical effects there is the effects, caused by motion of the frame of reference within the gauge, and its selection is possible only in the framework of invariant approach. At Fig. 2 one shown the comparison of long-wave perturbations energy density calculated in both ways -in the invariant theory (1) and in the longitudinal gauge (2) .
But if in principle we can analyse long-wave perturbations in the longitudinal gauge, because we know a form of nonphysical terms (50), then the similar analysis of short-wave perturbations in this gauge is absolutely impossible. Let's consider this problem in detail.
Invariant theory gives the single expression for nonphysical terms (50), which is correct for all wave lengths. Therefore in the longitudinal gauge the expression
is an invariant that is one should be fulfilled the expression
where δΦ k is the metric change in transition to the new frame of reference with the gauge conservation. At the same time a function δΦ k has to satisfy the equation (47). We have shown that the last condition does not hold for short waves. Let us denote δΦ k = Ω and consider the relation (55) as equation for Ω :
Divide its byḢ, differentiate, then multiply byḢ . As a result we have the equation
which differs from equation for metric perturbations in the longitudinal gauge (47) by the term containing k 2 /a 2 . What is the reason? We think that probably the longitudinal gauge itself is restricted and an important information inevitably loses in transition to this gauge.
Obviously results of SIG-wave investigations fulfilled in the various gauges are substantially different. In contrast to Unruh, Grischuck [9] has worked in the synchronic gauge, in which
where G is the scalar function defined in the 3-space. It satisfies the equation G ,α ,α +k 2 G = 0 . Since h 0 0 ≡ Q k = 0, non-invariant part of full perturbation energy (45) is equal to zero for any co-ordinates transformations preserving the gauge and thus the calculation of δε/ε gives a right result in the synchronous gauge in contrast to the longitudinal one.
The closed system of equations for metric perturbations h and h l is obtained by Grischuk. However the equation for h is third order one and contains the nonphysical solution h ∼ H , which may be obtained by coordinate transformations preserving the form (56). Note that this solution is trivial for the same equation but written in terms of invariant (40), which in the synchronous gauge has a form:
is easy to show that this equation coincides with the equation of invariant dynamics (44).

Analytical investigation of the EID.
At the post-inflationary stage the Hubble function H(t) oscillates and there are points whereḢ = 0 . Thus formally the EID (44) has to have the mathematical singularities that could be an obstacle in investigations both analytical and numerical. However the transformations of EID coefficients together with background equations have shown an absence of the mathematical singularities in reality that has opened the possibility for analytical investigations of the EID. This internal property of the invariant dynamics is its significant advantage. Introduce a new function Ψ k (t) , concerned with invariant J k (t) by relation:
Equation for Ψ k (t) has a form:
This equation is more convenient for analysis than initial (44), since all terms with singularities are concentrated in one coefficient by Ψ k . Now let us consider the elimination mechanism of these singularities. The background system for arbitrary potential iṡ
First equation has to differentiate with respect to t twice, the second one -once, then the obtained expression has to multiply by κφ . As a result we have following necessary relations:
...
Expressing from first three relations the all derivatives of function ϕ through derivatives of H and substituting their to the forth one, after division by 2Ḣ we obtain the following identity: 1 4Ḧ
Evidently, the structure of background equations allows to combine the terms with singularities into the smooth function that is the singularities cancel. Taking into account (59) the EID gains the simple form:
Rewrite its in the form:
Introduce the characteristic function
Function q(k, t) has a substantially different form at various stages of evolution but at the all applicable domain t ∈ (0 . . ∞) it decreases with the time growth. Depending on value q(k, t) there is a three type of perturbations:
1. Mainly (asymptotically) long-wave perturbations, if
2. Perturbations of middle wave lengths, if:
3. Mainly (asymptotically) short-wave perturbations, if
Consider the long-wave limit (62). The equation of invariant dynamics (60) in this limiẗ
Taking into account (59) it is easily to show that Ψ k (t) = −Ḣ/H is the particular solution of this equation. Therefore the general solution of the EID for long waves with the arbitrary potential U(ϕ) has a form:
Deeper analysis is possible only in the framework of fixed potential. Further calculations are fulfilled for simplest inflation model with (4) . In this model function Ψ k for long-wave perturbations at the post-inflationary stage oscillates with the stationary amplitude:
where α is defined in (19). This result may be also obtained by direct solution of the EID which in that case reduces to the Matieu-like equation where there is a time-dependent coefficient before the oscillating correction in the frequency. Within that context the form of relation (67) means the presence of the parametric resonance for long-wave perturbations at the post-inflationary stage. Return to initial equation (61) and proceed to the conformal time η :
By substitution Ψ k = ξΨ 0 k , where ξ is a new indeterminate function, Ψ 0 k = −Ḣ/H is the particular long wave solution, this equation is reduced to
At the inflationary stage this equation can be reduced to the Bessel equation for any k :
Its exact solution is
At the most part of inflationary stage the inequality
In this approximation we have
Therefore the general solution of the EID at the inflationary stage has a form
Entry conditions for Ψ k (t) are
gives the following expressions for integration constants L 1 and L 2 :
The equation q(k, t) = 1 represents the relation between k and t at boundary that separates the evolutional stages. Its solutiont(k) is the time of transfer from short waves to long one for every value k . Depending on k there are two variants:
1. The transfer from short-wave perturbations to long-wave perturbations occurs at the inflationary stage that is 0 <t(k) < t 1 ;
2. The transfer from short-wave perturbations to long-wave perturbations occurs at the post-inflationary stage that ist(k) > t 1 .
For every variant the EID (60) at the post-inflationary stage should be solved separately. In the first case for t > t 1 there are long-wave perturbations described by (66) or (67). After joining with solution (70) at the moment t 1 when the inflation terminates, we obtain
Finally consider the second particular case. Short-wave solution at the inflationary stage is (70). Let us obtain the short-wave solution at the post-inflationary stage. Introduce into the (68) a new function φ = aΨ k . Using (22), we get
In the short-wave limit t → t 1 on the right this equation can be simplified:
Obviously this equation is an oscillator-like equation and it should be solved by the asymptotic method which has described in the section (2) . In second order of smallness one has obtained the following general solution:
The equation (60) for a function χ = Ψ k (t − t 0 ) has a form:
Here τ = m(t − t 0 ) is the new dimensionless variable. Depending on τ part of frequency
contains both monotonous and oscillating constituents thus this equation differs from both the oscillator-like equation and the Mathieu-like equation.
With time growth the term p 2 /τ 4/3 drops faster then the absolute value (4/τ ) sin(2τ + α) . The condition of their equality gives an estimation of lower time border for asymptotically long waves:
From (77) one can to estimate also upper time border of asymptotically short waves:
The space of time ∆τ = p 6 − p
gives an estimation of the transition duration between asymptotic waves. We have developed the special asymptotic method which allows to receive the asymptotic solution of equations like
with any desired order of accuracy. Formal scheme for construction of general solution is similar with one for Mathieu-like equation. At first we don't take into account the oscillating correction and solve the oscillator-like equation. Then we add the mixed harmonics, all constants before trigonometrical functions replace by functions at that a form of expansion in powers of t for these functions depends on form of n and m . Let us apply this scheme to equation (77). We solve the oscillator-like equation
Here p 2 /τ 4/3 → 0 droningly in the limit τ → ∞ , therefore for solution of this equation the general asymptotic method is applicable. We have
Now let's take into account the influence of correction (4/τ ) sin(2τ + α) . Equation (77) one can write in a form
According to described scheme the general form of this equation in the limit τ → ∞ :
where ϕ 1 , ϕ 2 = const. In the frequency of equation (81) there is the terms with powers of τ multiple to 1/3 . Therefore
For a function Ψ k (t) = χ/(t − t 0 ) we have obtained the following expression:
where α is defined in (20). Constants C 1 and C 2 are found by joining of solution (84) with the short-wave solution (75). The joining time is defined from relation (79):
Therefore Function of perturbations (84) for every regime one can essentially simplify:
1. Transient regime att(k) t < t long , where t long = p 6 /m + t 0 :
2. Long-wave regime at t > t long :
(88) This expression one can write also in the form analogous to (72):
Obviously the function of long-wave solution (88) oscillates with the constant amplitude as sin (m(t − t 0 ) + α/2) , however, in contrast to (72), one has a slowly varying modulation factor, which approaches to constant just in the limit t → ∞ .
5 Calculation of perturbation spectrum.
In this section there are analytical expressions for the parameter of Harrison-Zel'dovich perturbation energy spectrum ∆(k, t) :
Expression for relative perturbations of energy density through Ψ k has a form:
Using the expressions for Ψ k at various t and k (70), (72), (75), (87), (89), we have obtained the following expressions for δε inv /ε and ∆(k, t) :
1. Short waves at the inflationary stage, that is at times 0 < t <t(k), t t 1 , wherẽ t(k) is the transition time from short waves to long one, t 1 is the time when the inflationary stage terminates. In that case we have
Gauge invariant theory of linear scalar perturbations of inflaton and gravitational fields is created. We have in view derivation and investigation of equation for single invariant without using any gauge. Equation of invariant dynamics is built both in the cosmic and conformal times. The transformations of EID coefficients together with background equations have shown an absence of the mathematical singularities in reality that has opened the possibility for analytical investigations of the EID. This internal property of the invariant dynamics is its significant advantage. Our theory allows to compare various gauges used by other researchers, and to find unambiguous selection criteria of physical and coordinate effects. We shown that so-called longitudinal gauge commonly used for studying the gravitational instability leads to overestimation of physical effects owing to presence of nonphysical proper time perturbations in results obtained by using this gauge.
We succeeded in proving that non-invariant part of energy perturbations in the synchronic gauge is equal to zero for any co-ordinates transformations preserving the gauge, therefore the calculation of relative perturbation energy density δε/ε in the synchronous gauge gives a right result in contrast to longitudinal one.
We developed the methods allowing to obtain the invariant function of perturbations in analytical form at all stages of the Universe evolution for any wave lengths through parameters of initial fluctuations. A great extent the technology of EID solving rests upon mathematical symmetry properties of invariant dynamics. The general long-wave solution of EID for arbitrary potential U(φ) is obtained. We have also found analytical solutions for all wave lengths at all stages of universe evolution in the framework of fixed potential U(ϕ) = m 2 ϕ 2 /2 . We have built analytical expressions for the Harrison-Zel'dovich spectrum ∆(k, t) . Amplitude of long-wave spectrum in the case when the transition from short waves to long one occurs at the inflationary stage is almost constant with k that corresponds to recent observation data. 
